We continue the study in [21] of the linearizability near an indifferent fixed point of a power series f , defined over a field of prime characteristic p. It is known since the work of Herman and Yoccoz [13] in 1981 that Siegel's linearization theorem [27] is true also for nonArchimedean fields. However, they also showed that the condition in Siegel's theorem is 'usually' not satisfied over fields of prime characteristic. Indeed, as proven in [21] , there exist power series f such that the associated conjugacy function diverges. We prove that if the degrees of the monomials of a power series f are divisible by p, then f is analytically linearizable. We find a lower (sometimes the best) bound of the size of the corresponding linearization disc. In the cases where we find the exact size of the linearization disc, we show, using the Weierstrass degree of the conjugacy, that f has an indifferent periodic point on the boundary. We also give a class of polynomials containing a monomial of degree prime to p, such that the conjugacy diverges.
Introduction
The study of complex dynamical systems of iterated analytic functions begins with the description of the local behavior near fixed points, see [3, 9, 24] .
Recall that, given a complete valued field K, a power series f ∈ K [[x] ] of the form f (z) = λz + a 2 z 2 + a 3 z 3 . . . , |λ| = 1, is said to be analytically linearizable at the indifferent fixed point at the origin if there is a convergent power series solution g to the following form of the Schröder functional equation(SFE)
which conjugates f to its linear part. The coefficients of the formal solution g of (1) must satisfy a recurrence relation of the form
If λ is close to a root of unity, the convergence of g then generates a delicate problem of small divisors. In 1942 Siegel proved in his celebrated paper [27] that the condition |1 − λ n | ≥ Cn −β for some real numbers C, β > 0,
on λ is sufficient for convergence in the complex field case. Later, Brjuno [8] proved that the weaker condition
is sufficient. In fact, for quadratic polynomials, the Brjuno condition is not only sufficient but also necessary as shown by Yoccoz [29] . Meanwhile, since the work of Herman and Yoccoz in 1981 [13] , there has been an increasing interest in the non-Archimedean analogue of complex dynamics, see e.g. [1, 2, 4-6, 14-16, 18, 19, 21-23, 25, 26, 28] . Herman and Yoccoz proved that Siegel's theorem is true also for non-Archimedean fields.
However, for complete valued fields of prime characteristic, which are necessarily non-Archimedean, the problem was still open; in characteristic p > 0, the Siegel condition, and even the weaker Brjuno condition, is only satisfied if λ is trivial, that is, that |1−λ n | = 1 ∀n ≥ 1. If λ is non-trivial (e.g. in locally compact fields all λ are non-trivial), then λ generates a problem of small divisors. One might therefore conjecture, as Herman [12] , that for a locally compact, complete valued field of prime characteristics, the formal conjugacy 'usually' diverges, even for polynomials of one variable. Indeed, it was proven in [21] that in characteristic p > 0, like in complex dynamics, the formal solution may diverge also in the one-dimensional case. On the other hand, in [21] it was also proven that the conjugacy may still converge due to considerable cancellation of small divisor terms. The main theorem of [21] stated that quadratic polynomials with non-trivial multipliers are linearizable if and only if the characteristic of the ground field char K = 2.
In the present paper we present a new class of polynomials that yield divergence. We also note that the conjugacy converges for all power series f ∈ K[[x]], whoose monomials are all of degree divisible by char K = p. Furthermore, in case of of convergence, we estimate the radius of convergence for the corresponding semi-disc, i.e. the maximal disc V such that the semiconjugacy (1) holds for all x ∈ V , and the linearization disc 1 ∆, i.e. the maximal disc U , about the origin, such that the full conjugacy g•f •g −1 (x) = λx, holds for all x ∈ U . We also give sufficient conditions, related to the Weierstrass degree of the conjugacy, there being a periodic point on the boundary of the linearization disc. The first non-Archimedean results in this direction were obtained by Arrowsmith and Vivaldi [2] who showed that padic power functions may have indifferent periodic points on the boundary. In fact, we prove the following theorem, see Lemma 6.1.
] have a linearization disc ∆ about an indifferent fixed point. Suppose that ∆ is rational open, and that the radius of the corresponding semi-disc of f is strictly greater than that of ∆, then f has an indifferent periodic point on the boundary of ∆.
This theorem and other results of the present paper, stated below, support the idea that the presence of indifferent periodic points on the boundary of a linearization disc about an indifferent fixed point is typical in the nonArchimedean setting.
For a more thorough treatment of the problem and its relation to earlier works on non-Archimedean and complex dynamics the reader is referred to [21] . Estimates of p-adic linearization discs were obtained in [20] .
Summary of results

Divergence and convergence
In the present paper we find a new class of polynomials that yield divergence. Theorem 2. Let char K = p > 0 and let λ ∈ K, |λ| = 1. Then, polynomials of the form
are not analytically linearizable at the fixed point at the origin if |1 − λ| < 1.
On the other hand we also prove convergence for all power series f whose monomials are all of degree divisible by charK = p. Theorem 3. Let char K = p > 0 and let λ ∈ K, |λ| = 1, but not a root of unity. Then, convergent power series of the form
are linearizable at the origin.
These results indicate that the convergence depends mutually on the powers of the monomials of f and the characteristic p of K, 'good' powers for convergence being those divisible by p, 'bad' powers being those prime to p. However, the blend of prime and co-prime powers may sometimes yield convergence, sometimes not, at least for non-polynomial power series as shown in [21] . However, there might be a sharp distinction for polynomials:
, with λ not a root of unity satisfying |1 − λ n | < 1 for some n ≥ 1, and containing a monomial of degree prime to p, such that the formal conjugacy g converges?
Estimates of linearization discs and periodic points
Let K be a field of prime characteristic p. Let λ ∈ K, not a root of unity, be such that the integer
exists. The case in which such an m does not exist was treated in [21] ; it was shown that if |1 − λ n | = 1 for all n ≥ 1, then the linearization disc of a power series
is either the closed or open disc of radius 1/a where a = sup i≥2 |a i | 1/(i−1) . Note that, by Lemma 3.1 below, m is not divisible by p. Given λ and hence m, the integer k ′ is defined by
Let a > 0 be a real number. We will associate with the pair (λ, a), the family of power series
and the real numbers
and
respectively. As stated in Theorem 3, power series in the family F p λ,a (K) are linearzable at the origin. Given f , the corresponding conjugacy function g, will be defined as the unique power series solution to the Schröder functional equation (1), with g(0) = 0 and g ′ (0) = 1.
In Section 5 we use the ansatz of a power series solution to the Schröder functional equation, to obtain estimates of the coefficients of g, and its radius of convergence. Moreover, applying a result of Benedetto (Proposition 3.3 below), we estimate the radius of convergence for the inverse g −1 . The main result can be stated in the following way.
Under further assumptions on f , the linearization disc may contain the larger disc D ρ (0).
for some integer i 0 > k ′ . Then, the full conjugacy g • f • g −1 (x) = λx holds on a disc larger than or equal to D ρ (0) or the closed disc D ρ (0), depending on whether g converges on D ρ (0) or not.
Note that the estimate of the linearization disc in Theorem 3 is maximal in the sense that in K, the completion of the algebraic closure of K, quadratic polynomials have a fixed point on the sphere S σ (0) if m(λ) = 1, breaking the conjugacy there. In fact, the estimate is maximal in a broader sense, according to the following theorem.
is the linearization disc of f about the origin. In K we have deg(g, D σ (0)) = k ′ . Furthermore, f has an indifferent periodic point in K on the sphere S σ (0) of period κ ≤ k ′ , with multiplier λ κ .
Here, deg(g, D) denotes the Weierstrass degree of g on the disc D, as defined in Section 6. The Weierstrass degree is the same as the notion of degree as 'the number of pre-images of a given point, counting multiplicity'. Since we assume that g(0) = 0 and g ′ (0) = 1, deg(g, D σ (0)) = k ′ means that in the algebraic closure K, g maps the disc D σ (0) onto itself exactly d-to-1, counting multiplicity.
The result in Theorem 6 is based on Lemma 6.1 that shows that if there is a shift of the value of the Weierstrass degree from 1 to d > 1, of the conjugacy function on a sphere S, then there is an indifferent periodic point of period κ ≤ d, on the sphere S.
Preliminaries
Throughout this paper K is a field of characteristic p > 0, complete with respect to a nontrivial absolute value | · | K . That is, | · | K is a multiplicative function from K to the nonnegative real numbers with |x| K = 0 precisely when x = 0, and nontrivial in the sense that it is not identically 1 on K * , the set of all nonzero elements in K. If a field L is equipped with an absolute value, we say that L is a valued field. In fact, all valued fields of strictly positive characteristic are non-Archimedean. In what follows, we often use the shorter notation | · | instead of | · | K .
Recall that a non-Archimedean field is a field K equipped with a nontrivial absolute value | · |, satisfying the following strong or ultrametric triangle inequality:
One useful consequence of ultrametricity is that for any x, y ∈ K with |x| = |y|, the inequality (9) becomes an equality. In other words, if x, y ∈ K with |x| < |y|, then |x + y| = |y|. For a field K with absolute value | · | we define the value group as the image
Note that |K * | is a multiplicative subgroup of the positive real numbers. We will also consider the full image |K| = |K * | ∪ {0}. The absolute value | · | is said to be discrete if the value group is cyclic, that is if there is is an element π ∈ K such that |K * | = {|π| n : n ∈ Z}. The absolute value | · | can be extended to an absolute value on the algebraic closure of K. We shall denote by K the completion of the algebraic closure of K with respect to | · |. The fact that K is algebraically closed and that | · | is nontrivial forces the value group | K * | K to be dense on the positive real line. In particular, | · | K cannot be discrete.
Standard examples of non-Archimedean fields include the p-adics, see for example [17] , and various function fields, see for example [10] . The padics include the p-adic integers and their extensions. These fields are all of characteristic zero. The most important function fields include fields of formal Laurent series over various fields. These can be of any characteristic.
Example 3.1. Let F be a field of characteristic p > 0, and fix 0 < ǫ < 1. Let K = F((T )) be the field of all formal Laurent series in variable T , and with coefficients in the field F. Then K is also of characteristic p. An element x ∈ K is of the form
for some integer j 0 ∈ Z. This field is complete with respect to the absolute value for which | j≥j 0
Note that j 0 is the order of the zero (or negative the order of the pole) of x at T = 0. Let us also note that | · | is the trivial valuation on F, the subfield consisting of all constant power series in K. In this case |K * | is discrete and consists of all nonzero integer powers of ǫ. The value group of the completion of the algebraic closure | K * | is not discrete and consists of all nonzero rational powers of ǫ. Moreover, K can be viewed as the completion of the field of rational functions over F with respect to the absolute value (12) (see, e.g. [10] ).
Given an element x ∈ K and real number r > 0 we denote by D r (x) the open disc of radius r about x, by D r (x) the closed disc, and by S r (x) the sphere of radius r about x. If r ∈ |K * | (that is if r is actually the absolute value of some nonzero element of K), we say that D r (x), D r (x), and S r (x) are rational. Note that S r (x) is non-empty if and only if it is rational. If r / ∈ |K * |, then we will call D r (x) = D r (x) an irrational disc. In particular, if a ∈ K and r = |a| s for some rational number s ∈ Q, then D r (x) and D r (x) are rational considered as discs in K. However, they may be irrational considered as discs in K. Note that all discs are both open and closed as topological sets, because of ultrametricity. However, as we will see in Section 3.3 below, power series distinguish between rational open, rational closed, and irrational discs.
Again by ultrametricity, any point of a disc can be considered its center. In other words, if b ∈ D r (a), then D r (a) = D r (b); the analogous statement is also true for closed discs. In particular, if two discs have nonempty intersection, then they are concentric, and therefore one must contain the other.
The open and closed unit discs, D 1 (0) and D 1 (0), respectively play a fundamental role in non-Archimedean analysis, because of their algebraic properties. In fact, due to the strong triangle inequality (9), D 1 (0) is a ring and D 1 (0) is the unique maximal ideal in D 1 (0). The corresponding quotient field,
is called the residue field of K. The residue field k will also be of characteristic p. Hence we always have k ⊇ F p . The absolute value | · | is trivial on k. For x ∈ D 1 (0), we will denote by x the reduction of x modulo D 1 (0).
The formal solution
The coefficients of the formal solution of (1) must satisfy the recurrence relation
where α 1 , α 2 , . . . , α k are nonnegative integer solutions of
The convergence of g will depend mutually on the denominators |1−λ k−1 | and the factorial terms in (13) . In view of Lemma 3.1, the denominator is small if k − 1 is divisible by m and a large power of the characteristic p. In fact, the conjugacy may diverge as in Theorem 4.1 below. On the other hand, the factorial term l! α 1 ! · ... · α k ! is always an integer and hence of modulus zero or one, depending on whether it is divisible by p or not. Accordingly, factorial terms may extinguish small divisor terms as in Theorem 5.1 below.
Arithmetic of the multiplier
Let λ ∈ S 1 (0), be an element in the unit sphere. The geometry of the unit sphere and the roots of unity in K was discussed in [21] . We are concerned with calculating the distance |1 − λ n |, for n = 1, 2, . . . .
Note that if x, y ∈ D 1 (0), then |x − y| < 1 if and only if the reductions x, y belong to the same residue class. Consequently,
Hence, the behavior of 1 − λ n falls into one of two categories, depending on whether the reduction of λ is a root of unity or not. More precisely we have the following lemma that was proven in [21] .
Lemma 3.1 (Lemma 3.2 [21] ). Let char K = p > 0 and let k be the residue field of K. Let Γ(k) be the set of roots of unity in k. Suppose λ ∈ S 1 (0). Then,
Note that category 2 in Lemma 3.1 is always non-empty since k ⊇ F p . Moreover, if k ⊆ F p , then Γ(K) = k * and all λ ∈ S 1 (0) falls into category 2. Consequently category 1 is empty in this case. This happens for example when K is locally compact, see e.g. [10] .
Proposition 3.1. Let K be a non-Archimedean field with absolute value |·|. Then K is locally compact (w.r.t. | · |) if and only if all three of the following conditions are satisfied: (i) K is complete, (ii) | · | is discrete, and (iii) the residue field is finite.
On the other hand if K is algebraically closed, then k is infinite and K cannot be locally compact. In this case k ⊇ F p .
We shall only consider the case in which λ belongs to category 2. The other case was treated in [21] .
Mapping properties
Let K be a complete non-Archimedean field. Let h be a power series over K of the form
and diverges outside the closed disc D R h (α). The power series h converges on the sphere S R h (α) if and only if
The following proposition is useful to estimate the size of a linearization disc, i.e. the maximal disc on which the full conjugacy, g • f • g −1 = λx, holds.
Proposition 3.2 (Lemma 2.2 [5] ). Let K be algebraically closed. Let h(x) = ∞ k=0 c k (x − x 0 ) k be a nonzero power series over K which converges on a rational closed disc U = D R (x 0 ), and let 0 < r ≤ R. Let V = D r (x 0 ) and
are all attained and finite. Furthermore,
Benedetto's proof uses the Weierstrass Preparation Theorem [7, 11, 17 ]. We will be interested in the special case in that c 0 = x 0 = 0. In this case, we have the following proposition. Proposition 3.3. Let K be an algebraically closed complete non-Archimedean field and let h(x) = ∞ k=1 c k x k be a power series over K.
1. Suppose that h converges on the rational closed disc D R (0). Let 0 < r ≤ R and suppose that
2. Suppose that h converges on the rational open disc D R (0) (but not necessarily on the sphere S R (0)). Let 0 < r ≤ R and suppose that
Then h maps D r (0) one-to-one onto D |c 1 |r (0).
Clearly,
is bijective follows from the second statement in Proposition 3.3.
Remark 3.1. Proposition 3.3 and Lemma 3.2 also hold when K is not algebraically closed with the modification that the mappings h :
are one-to-one but not necessarily surjective; the analogous statement is also true for the closed discs.
Remark 3.2. Note that the disc D 1/a (0) in Lemma 3.2 may be irrational. Let K be a field such that | K * | = {ǫ r : r ∈ Q} for some 0 < ǫ < 1 (as in Example 3.1). Let β be an irrational number and let p n /q n be the nth convergent of the continued fraction expansion of β. Let the sequence {a i ∈ K} i≥2 satisfy
On the other hand, if the sequence {a i } is such that max i≥2 |a i | 1/(i−1) exists, then a = max i≥2 |a i | 1/(i−1) ∈ | K| for any K. This is always the case for polynomials.
Divergence
As proven in Section 5, power series of the form f (x) = λx + O(x 2 ), with monomials of degree divisible by some nonnegative integer power of p are analytically linearizable at the origin. In the paper [21] , it was proven that quadratic polynomials, f (x) = λx + a 2 x 2 , with |1 − λ| < 1, are not analytically linearizable at the origin. We will prove another result in this direction. Polynomials of the form f (x) = λx + a p+1 x p+1 , with |1 − λ| < 1, are not analytically linearizable in characteristic p > 0. The key result is Lemma 4.4 below. In that lemma we obtain the exact modulus of a subsequence of coefficients of the conjugacy function g. It turns out that this subsequence contains sufficiently many small divisor terms to yield divergence. Lemma 4.1. Let K be a complete valued field and let f be a power series of the form
where λ = 0 but not a root of unity, i 0 ≥ 2 is an integer, and a i 0 = 0. Then, the associated formal conjugacy function is of the form
where
Proof. By definition, the formal conjugacy g is of the form g(x) = x + k≥2 b k x k . The left hand side of the Schröder functional equation (1) is of the form
For the right hand side we have
Recall that λ = 0 is not a root of unity. Identification term by term yields that b k = 0 for 1 < k < i 0 . Consequently, for k = i 0 , the recursion formula (13) yields
But by definition, b 1 = 1. This completes the proof of the lemma.
, with |λ| = 1 but not a root of unity. Then, the formal solution g of the SFE (1) has coefficients b k of the form
for all integers j ≥ 1, b 1 = 1, and b k = 0 otherwise.
Proof. First note that the case k ≤ p + 1 follows by Lemma 4.1. Now assume that the lemma holds for all k ≤ (n − 1)p + 1 for some n ≥ 2. In particular, this means that b k = 0 for all (i − 1)p + 1 < k < ip + 1 where 1 ≤ i ≤ n − 1. We now consider the case (n − 1)p + 1 < k ≤ np + 1. We have regarding the left hand side of the SFE
and by hypothesis,
(19) For all integers i ≥ 0, we have the binomial expansion
Consequently, with δ = min{ip + 1, n − i}.
Also note that for k ≥ (n − 1)p + 2 we have
Combining (19), (20) , and (21) we obtain that g • f (x) is of the form
The right hand side of the SFE is of the form
Note that (20) contains no powers of x in the closed interval [(n−1)p+2, np]. Consequently, for powers of x in this interval the SFE gives np k=(n−1)p+2
and by identification term by term b k = 0, for all (n − 1)p + 1 < k < np + 1.
In the remaining case the x np+1 -term in (20) (if it exists) occur for ℓ = n − i. Such an ℓ exits if and only if n − i ≤ ip + 1, that is if i ≥ ⌈ n−1 p+1 ⌉. Hence, the equation for the x np+1 -term yields
as required.
Lemma 4.3. For each summand in the recursion formula (18), the total power of a p+1 is j, i.e each b jp+1 is of the form
where where c jp+1 is a sum of products with factors of the form
Proof. First note that in view of (18) we have for j = 1 that the coefficient b p+1 = a p+1 /(λ(1 − λ p )). Now assume that (22) holds for j ≤ n. For j = n + 1 and 1 ≤ i ≤ n, we then have regarding the right hand side of (18) that
Lemma 4.4. Let f (x) = λx+a p+1 x p+1 , |λ| = 1 but not a root of unity. Suppose |1 − λ| < 1. Then the formal solution g of the SFE (1) has coefficients b k of absolute value
Proof. By Lemma 4.3, the total power of a p+1 in the products b ip+1 a j−i p+1 of the right hand side of (18) is j. Also recall that |λ| = 1. Furthermore
for all nonnegative integers i. Now, since |1 − λ| < 1, it follows by induction over j that the b (j−1)p+1 -term in (18) is strictly greater than all the others and by ultrametricity we obtain
This completes the proof of Lemma 4.4.
Lemma 4.5. Let char K = p > 0 and λ ∈ K, |λ| = 1, but not a root of unity. Suppose |1 − λ| < 1, then
for all integers N ≥ 1.
Proof. First note that for each n = 1, . . . , N − 1, the number of elements in {1, 2, . . . , p N } that are divisible by p n but not by p n+1 , are given by the number p N /p n − p N /p n+1 . Since |1 − λ| < 1 we can apply Lemma 3.1 in the case m = 1 to obtain
Suppose |λ| = 1 and |1 − λ| < 1. Then f is not analytically linearizable at x = 0.
Proof. Let j = p N −1 for some integer N ≥ 1. By Lemma 4.4,
But in view of Lemma 4.5 this means that
, and since |1 − λ| < 1,
Consequently, lim sup |b k | 1/k = ∞ so that the conjugacy diverges.
Further investigation has led us to believe that we have divergence also in the case m > 1 in Theorem 4.1, that is m > 1 is the smallest integer such that |1 − λ m | < 1. However, the proof seems to be more complicated; we do not necessarily have a strictly dominating term in the right hand side of (18) for all j, and consequently, (24) may no longer be valid.
Conjecture 4.1 (Generalization of Theorem 4.1). Let char
. Suppose |λ| = 1 and that m ≥ 1 is the smallest integer such that |1 − λ m | < 1. Then f is not analytically linearizable at x = 0.
Estimates of linearization discs
In this section we consider power series in the family
as defined in Section 2.2.
is one-to-one. We will prove in Theorem 5.1 that each each f ∈ F p λ,a (K) is linearizable at the fixed point at the origin. We also estimate the region of convergence for the corresponding conjugacy function g, and its inverse.
Remark 5.1. By the conjugacy relation g•f •g −1 (x) = λx, f must certainly be one-to-one on the linearization disc. Consequently, by Lemma 3.2, the full conjugacy relation cannot hold on a disc greater than D 1/a (0).
We begin by proving the following, simple but important fact. Given a power series f ∈ F p λ,a (K), the conjugacy function g only contains monomials of degree divisible by some nonnegative integer power of p. More precisely, we have the following Lemma.
Lemma 5.1. Let char K = p > 0 and let f ∈ F p λ,a (K), where |λ| = 1 but not a root of unity. Then, the formal conjugacy g is of the form
We will prove by induction that if g is the formal solution of the Schröder functional equation, then b k = 0 for all k ≥ 2 such that p ∤ k.
By definition b 1 = 1 and by Lemma 4.1 b k = 0 for 1 < k < p. Assume that b k = 0 for all k > 1 such that (j − 1)p < k < jp, where 1 ≤ j ≤ N . Let h N be the polynomial
Note that the terms
do only contain powers of x divisible by p. This follows because, in characteristic p,
As noted above the monomials of f p are of degree greater than or equal to p. Consequently,
Recall that, h N (x) − λx contains only powers of x divisible by p. Consequently, identification term by term with the right hand side λg(x) yields that b k = 0 for all N p < k < (N + 1)p as required.
In the following we shall estimate the coefficients of the conjugacy (27) . As noted in Section 3.1 these coefficients are given by the recursion formula (13) . Our main result (Theorem 5.1) of this section is based on the estimate obtained in Lemma 5.3 below.
In preparation, we recall the following definitions from Section 2.2. The integer m is defined by
Note that, by Lemma 3.1, m is not divisible by p. Given m, the integer k ′ is defined by
Note the following lemma.
Lemma 5.2. Let k ≥ 2 be an integer. Then,
is the the number of positive integers l ≤ k that satisfies the two conditions p | l and m | l − 1.
Proof. Let k ′ be the smallest positive integer such that p | k ′ and m | k ′ − 1. Let Z m be the residue class modulo m. Also recall that by definition p ∤ m. Accordingly, k ′ = j ′ p where j ′ is the unique solution in Z m to the congruence equation
The integer solutions of (30) are thus of the form
where n runs over all the integers. It follows that an integer l satisfies the two conditions p | l and m | l − 1 if and only if it is of the form
for some integer n. Given k ≥ 2, let t ≥ 0 be the largest integer such that
It follows that t = ⌊(k − k ′ )/mp + 1⌋, as required.
Then, the coefficients of the corresponding conjugacy function satisfies
for all k ≥ 2.
Proof. Recall that the coefficients |b k | are given by the recursion formula (13) where each factorial term l!/α 1 ! · ... · α k ! is an integer and thus of modulus zero or one, depending on whether it is divisible by p or not. By Lemma
we have in view of Lemma 3.1 that
Also recall that |a i | ≤ a i−1 . It follows by Lemma 5.2 that
for some integer α. In view of equation (14) we have
Consequently, since |a i | ≤ a i−1 , we obtain
Now we use induction over k. By definition b 1 = 1 and, according to the recursion formula (13),
and the lemma follows by the estimate (33).
The above estimate of |b k | is maximal in the sense that we may have equality in (31) for k = k ′ as shown by the following example.
Example 5.1. Let f be of the form
. Also note that by Lemma 4.1
and consequently,
Thus we have equality in (31) for k = k ′ in this case.
By the estimates in Lemma 5.3 and application of Proposition 3.3, the radius of convergence of the conjugacy function g and its inverse g −1 can now be estimated by
respectively. In other words, we have the following theorem. 
Given m ≥ 1, by definition k ′ must be one of the numbers p, 2p, . . . , mp, and accordingly,
To estimate the radius of the maximal disc on which g is one-to-one we consider
.
We will show that the maximum value of the exponent
is attained if and only if k = k ′ . First note that δ(k) = 0 for all 2 ≤ k < k ′ . In view of (36), we have for each integer n ≥ 1 that
Moreover,
Hence, the maximum of δ is attained if and only if k = k ′ so that
Note that in view of (36) σ < ρ so that g certainly converges on the closed disc D σ (0). Also note that, in terms of δ, we have by (31) that
Consequently, according to the derived properties of δ,
In view of Proposition 3.3 g : Proof. Recall that k ′ is the positive integer defined by (29) . Assume that
In the same way as in Lemma 5.3,
It follows from the proof of Lemma 5.2 that k ′′ = k ′ + mpn, for n = 1. Hence,
Consequently,
so that sup γ(k) = 1/mp. Accordingly, max γ(k) does not exist. Also note that for ρ = a −1 |1 − λ m | 1/mp , we have
Hence, according to the derived properties of γ,
for k ≥ 2. It follows that g :
is one-to-one. If g converges on the closed disc D ρ (0), then, since we have strict inequality in (38), we also have that g :
is one-to-one and that 1/a > ρ. Consequently, the full conjugacy g • f • g −1 (x) = λx holds on a disc larger than or equal to D ρ (0) or D ρ (0), depending on whether g converges the closed disc D ρ (0) or not.
Note that a sufficient condition that b k ′ = 0 is that a i = 0 for all 2 ≤ i ≤ k ′ . In fact, in view of Lemma 4.1 we and the previous lemma we have the following result.
for some integer i 0 > k ′ . Then, the full conjugacy g • f • g −1 (x) = λx holds on a disc larger than or equal to D ρ (0) or D ρ (0), depending on whether g converges on the closed disc D ρ (0) or not.
Linearization discs and periodic points
In this section we give sufficient conditions under which the estimate σ in Theorem 5.1 is maximal in the sense that D σ (0) is equal to the linearization disc. In other words, we give sufficient conditions under which D σ (0) is the maximal disc U ⊂ K about the fixed point x = 0, such that the conjugacy g • f • g −1 (x) = λx holds for all x ∈ U . In theorem 5.1 we proved that the estimate σ is maximal in the sense that, in the the special case that f is quadratic and |1−λ| < 1 (m = 1), there is a fixed point in the algebraic closure K on the sphere S σ (0), breaking the conjugacy there. Using the notion of Weierstrass degree of the conjugacy function, defined below, we will give sufficients conditions for the existence of an indifferent periodic point on the boundary S σ (0) for more general f .
The Weierstrass degree is defined as follows. Let K be an algebraically closed complete non-Archimedean field. Let U ⊂ K be a rational closed disc, and let h be a power series which converges on U . For any disc V ⊆ U , the Weierstrass degree or simply the degree deg(h, V ) of h on V is the number d (if V is closed) or d ′ (if V is open) in Proposition 3.2. Note that if 0 ∈ h(V ), then the Weierstrass degree is the same as the notion of degree as 'the number of pre-images of a given point, counting multiplicity'. More information on the properties of the Weierstrass degree can be found in [5] .
The following lemma shows that a shift of the value of Weierstrass degree from 1 to d > 1, of the conjugacy function on a sphere S, reveals the existence of an indifferent periodic point on the sphere S. 
Moreover, if (40) holds, then deg(g, D σ (0)) = k ′ .
Proof. By the estimate (31) we always have
where b 1 = 1, |a ′ k | = a k ′ −1 , and |1 − λ k ′ −1 | = |1 − λ m |. The minimality of k ′ and the assumption that |a i | < a i−1 for all i < k ′ yields in view of Lemma 5.3 that the term (41) is strictly greater than all the other terms in the recursion formula (13) . Hence, by ultrametricity, |b ′ k | = a k ′ −1 |1 − λ m | −1 as required.
Corollary 6.1. Let f ∈ F p λ,a (K) be of the form
Then, D σ (0) is the linearization disc of f about the origin. In K we have deg(g, D σ (0)) = k ′ . Furthermore, f has an indifferent periodic point in K on the sphere S σ (0) of period κ ≤ k ′ , with multiplier λ κ .
